MATH 147: SOLUTIONS TO PRACTICE PROBLEMS FOR EXAM 1

1. For the function f(z,y) = 323y® + 4zy — Tx:

(i) Find the tangent plane to the graph of z = f(x,y) at (1,2).
(ii) Verify that the gradient of F(z,y,2) = z — f(z,y) at (1,2,13) is normal to the plane in (i).
(iii) Find Dgf(1,2) for @ the unit vector in the direction of 3i + 27 and also in the direction of V f(1,2).

Solution. For (i), note that the functions and all of its partial derivatives are continuous, so that the tangent
plane exists at every point on the graph of the function. The equation of the tangent plane is given by z =
fo(L,2)(z = 1)+ fu(1,2)(y — 2) + f(1,2) =37(x — 1) + 16(y — 2) + 13.

For (ii), we have to remember where the equation of a plane comes from. In order for VF(1,2,13) to be normal to
the tangent plane in (i), we must have VF(1,2,13) - ¥ = 0, for every vector ¥ in the tangent plane. Now, if (z,y, 2)
is a typical point in that plane, then (z — 1)i + (y — 2)j 4+ (z — 13)k represents a typical vector in the plane. Thus,
we want

VF(1,2,13) - {(z — 1)i+ (y — 2)j + (z — 13)k} = 0.
On the other hand, VF(1,2,13) = —37i — 165 + k. Thus the required dot product is
VF(1,2,13) - {(z — )i+ (y = 2)j + (z = 13)k} = (=37i — 16§ + k) - {(x — 1)i + (y — 2)] + (= — 13)k}
=-37(x—1)—16(y — 2) + (2 — 13)
=0

using the equation of the tangent plane in (i), which gives what we want. Alternately, the tangent vectors in the x
and y directions determine the plane, so it suffices to show that VF(1,2,13) is normal to these two vectors, since once
this holds, VF(1,2,13) will be normal to every vector in the plane. These normal vectors are: i+ fa(1,2)k = i + 37k
and 7 + f,(1,2)k = j + 16k. We then have

VF(1,2,13) - (i + 37k) = (=37 — 16 + k) - (i + 37k) = 0.
and

VF(1,2,13) - (f + 16k) = (—37i — 16] + k) - (j + 16k) = 0.

For (iii), Vf(1,2) = 37i 4+ 16]. Thus, for @ = —(37 + 2),

V13
s s 1 e s 95
Dgf(1,2) = (217 4 167) - \/—Tg(sz +27) = Nt
For the directional derivative in the direction of V f(1,2), we have
Dyya,2)(1,2) = (37i + 167) - o5 (371 4+ 163) = Tk

2. Calculate g—i and % both by substitution and by using the chain rule for the function f(z,y,2) = xy*2® with
z=u’4v,y=3v+7, and z = 3u>.

Solution. Originally, I meant for you to calculate the derivatives in two ways and see that the answers agree. But
I did not realize the underlying arithmetic would be so unpleasant. So I will just calculate the derivatives using the
chain rule. We have: f, = y223, fu= 2xy2:3, f-= 3gryzz2 Ty =2U, Ty =1, Yyu =0, Yo = 3, 24 = 9u2, 2o = 0.

of _of 0z  Of 0Oy  Of 0z

ou  Odx Ou Oy Ou 0Oz Ou
= y223 - 2u + 21:y23 -0+ 33:3/222 - 9u?
= (Bv47)%(3u*)® - 2u+ 3(u® + v)(3v + 7)%(3u*)? - 9u°.
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and
of _of or 05 oy 0f o
ov Ox Ov 0Oy Ov 0z Ov
:y223~1+2xyz3-3+3xy2z2~0

= (3v+7)°3u’)® 14 2(u” +0v)(3v 4+ 7)(3u*)® - 3.
3. Evaluate the following limits or show they do not exist:

4 4 4 3 3
m TV gy ety ey, oAy
(@9)—=0,0) zt +22Yy2 +y*  (@y)-@21n e HY (@)—0,0) |z] +|y|  (@w)—00) 22 +y

Solution. For the first limit, if we approach (0,0) along the z-axis, i.e., set y = 0, then we obtain

limg 0 i—j = 1. On the other hand, we easily see the limit is -1 if we approach (0,0) along the y-axis. Thus, the limit

does not exist.

For the second limit, the function is continuous at (2,1), so we may evaluate the limit by substitution, i.e., the limit
4

is: 22 — —16e5.

For the third limit, if we approach (0,0) along the x-axis, we get a limiting value of 1, while if we approach (0,0)

along the y-axis, we get 0, so the limit does not exist.

For the last limit, we switch to polar coordinates. The limit then becomes
3 cos®(0) + r* sin®(0)
70 12 cos2 () + r2 sin?(6)

o 3 300)) —
= 113% r(cos”(0) + sin”(0)) = 0.

0 ifzy+#0
1 ifzy=0
f(x,y) is not differentiable even though %(0,0) and %(0,0) exist. Why does this not contradict the theorem which
states that if f(x,y) is differentiable at (a,b), then f(z,y) is continuous at (a, b)?

4. Consider the function f(z,y) = { . Show that f(z,y) is not continuous at (0,0), then show that

Solution. Note that if we approach (0,0) along the z-axis, then zy = 0, so that f(z,0) = 1, for all z, and hence this
limit is 1. If we approach (0,0) along the line y = z, then zy # 0, so f(z,z) = 0 for all z # 0 and hence the limit
along this path is 0. Thus, the limit at (0,0) does not exist, so f(z,y) is not continuous at (0,0). On the other hand,
% (0,0) = limp—o w = limp_s0 1;h1 = % for all h, so this limit exists and equals 0. Similarly, g—?’: (0,0)
exists and equals 0.

Recall that the existence of the partial derivatives at (0,0) does not imply f(z,y) is differentiable at (0,0). To see
this, for the given function, note that the linear function we expect to approximate f(z,y) at (0,0) is L(z,y) =
f=(0,0)z + f,(0,0)y + 1 = 1. Thus, f(z,y) is differentiable at (0,0) if and only if

lim f(xvy)_L(xvy) — lim f(xvy)_l -0
@w)—=0  \[x2 4 g2 (@.9)=(0,0) /22 + ¢2

the full limit displayed above does not exist, so f(x,y) is not differentiable at (0,0). The relevant important theorem
from class states that f(z,y) is differentiable at (a, ) if both partials f;(z,y) and f,(z,y) exist and are continuous
in an open disk about (a,b). Thus, these conditions fail for the given function f(z,y). In fact, a similar calculation
as above shows that for any (a,0) on the z-axis with a # 0, g—?’:(a, 0) does not exist, so that % cannot be continuous
at (0,0), since any open disk about (0,0) will contain a point of the form (a,0) with a # 0.

If we take the limit as (z,y) approaches (0,0) along the line y = = we get limg_,0 which does not exist. Thus,

5. For the function f(x,y) = 32% + 7y — 2, use the limit definitions: (a) To verify that f(z,y) is differentiable at
(3,2) and (b) To verify that the first order partials of f(z,y) are continuous at (3,2).

Solution. A straight forward calculation shows that the L(z,y) = 182+ 7y — 29 is the expected linear approximation
to f(x,y) at (3,2). Thus, f(x,y) — L(z,y) = (32% + Ty — 2) — (18z + Ty — 29) = 32® — 18z + 27. Thus, f(z,vy) is
differentiable at (3,2) if and only if the limit
. 3z% — 18z + 27
lim
(@v)=3.2) \/(x — 3)2 + (y — 2)2
equals 0. If we set x = rcos(0) + 3 and y = rsin(f) + 2, then the limit above becomes the limit

lim 3(rcos(0) 4+ 3)% — 18(rcos(0) +3) +27 lim 3r2 cos(0)
=0 /(rcos(0) +3 —3)2 + (rsin(f) +2—2)2 0 T
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which is clearly 0. Thus, f(x,y) is differentiable at (3,2). The partials fo(x,y) = 6z and fy(z,y) = 7 are certainly
continuous at every point in R?, and hence in particular at (3,2). The limit definitions are easy to check.

6. Use the limit definition to calculate the directional derivative of of f(z,y) = 2z%y — 3z at (4,3) in the direct of
the vector 7 + f Verify your answer by dotting the gradient vector with an appropriate direction vector.

Solution. The unit vector in the given direction is 4 = %Z—F %; Thus, Dz(4,3) can be calculated as
A+ 53+ 25) - f(4,3) ; 24+ )3+ ) 3(a+ k) — 84

’1113% h - hli% h
h K2 Y
i 77 Jr 22f + 7
h—0 h,
R* 7
= lim

5+ 777'
i+ i) =

On the other hand, V f(4,3) = 45i + 327, so Daf(4,3) = (450 + 32j) - (%5 , as required.

0,0
0,0 , show that Dz f(0,0) exists for all directions u, but f(z,y)
0, if (z,y) = (0,0)

is not differentiable at (0,0). Find formulas for f.(z,y), fy(z,v), Daf(z,y), for u = i+7.

if
7. For the function f(z,y) = { e (@) =

Solution. Let @ = u1i + ugf be an arbitrary unit vector. Then,

f(0+ hu1,0 4+ hua) — £(0,0)

Dfz(0,0) = lim

h—0 h
(hup)? —0
— lim (huy)?+(huz)?
h—0 h
h3ud

lim ————~
3 (2,2 2
h—0 h3(uf 4+ u3)
3
Ui 3

RTEE u2 -
the last equality holding since @ is a unit vector. Thus the directional derivative of f(z,y) a (0 0) exists in all
directions. Since Df;(0,0) = fz(0,0), fz(0,0) = 1* = 1. Similarly, f,(0,0) = Df;(O, 0) = It follows that

L(z,y) = 1(x — 0) + 0(y — 0) + 0 = z is the expected linear approximation. However,
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lim f(:v,y) 7L(:E,y) — lim JCQZTZ/2 -z
(y)=(0,0) (/22 4+ y2 (@1)=(0,0) /22 4 y?
@ — (2% +wy?)
= lim o
(z,9)=(0,0) /x2 4+ y?

= i —— -
(@) (00) (@ + y2)3/2
In order for f(z,y) to be differentiable at (0,0), this limit must be zero. However, if we approach (0,0) along the line
& = —y, the limit becomes 273/% # 0. Thus, f(z,y) is not differentiable at (0,0).

LRy’ i (2,0) # (0,0
For f.(x,y) and (z,y) # (0,0), we calculate in the usual way. Thus, f.(z,y) = { @>+tv*?’ if (@,0) # (0,0)
1if (z,y) =0.
Similarly for fy(:v y) and Dz(z,y), so:
2z x4+3x2y2 . —243 y 1 s
Fo(@y) =4 & @ @) £ 00) and Dg(z,y) = { @*Hv"” f+ e ve i (@) #(0,0)
0, if (z,y) = (0,0). 1- f +0- if (z,y) = (0,0).
8. Find and classify the critical points for: f(z,y) = 222 —4ay +y* +2 and g(z,y) = 2® — 122 +y* + 3y*> — 9y. Find
the absolute maximum and minimum values of f(z,y) on the square [—1,1] x [—1,1].

27

Solution. For f(z,y), we have

fo=dx -4y, f, = —4x +4y37 Joo =4, foy = —4, fyy = 123/2-
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From f, = 0, we obtain, x = y. Substituting this into the equation f, = 0, yields —4x + 423, which has solutions
x =0,1,—1. Thus, the critical points for f(z,y) are (0,0), (1,1), (-1,-1).

For (0,0) we have: D(0,0) =4-0— (—4)? <0, so f(z,y) has a saddle point at (0,0).
For (1,1) we have: D(1,1) =4-12 — (=4)? > 0 and f.»(1,1) =4 > 0, so f(x,y) has a relative minimum at (1,1).

For (-1,-1), we have: D(—1,—1) = 4-12 — (—4)> > 0 and f.,(1,1) = 4 > 0, so f(z,y) has a relative minimum at
(1,1).
Turning to g(z,y), we have:

9o = 32" —12, gy =3y" + 6y — 9, gax = 62, guy =0, gyy = 6y +6.

From g, = 0, we obtain z = £2 and from g, = 0 we obtain y = —3,1. Since the equations g, = 0 and g, = 0 are
independent, we have four critical points (2, -3), (-2,-3), (2,1), (-2,1).

For (2,-3): D(2,—-3) =12-(—12) — 0 < 0, for g(z, y) has a saddle point at (2,-3).

For (-2,-3): D(—2,-3) = (—12) - (—12) — 0 > 0 and g.(—2,—3) = —12 < 0, so g(z,y) has a relative maximum at
(_27_3)'

For (2,1): D(2,1) =12-12 > 0 and ¢..(2,1) = 12 > 0, so g(z,y) has a relative minimum at (2,1).
For (-2,1): D(=2,1) = —12-12 < 0, so (x,y) has a saddle point at (—2,1).

For the absolute maximum and minimum values of f(z,y) over [—1,1] x [—1, 1], it is easy to check the critical points
on the boundary occur at the vertices of the square. Thus we check: f(0,0) =2; f(1,1) =1; f(-1,-1) =9;
f(=1,1) =9; f(1,—1) = 9. Thus, 1 is the absolute minimum and 9 is the absolute maximum we seek.
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9. Show that the surface area of a closed rectangular box with volume 27 in” is smallest when the box takes the

shape of a cube.

Solution. If we let x,y,z denote the lengths of the sides of the box, then the total surface area of the box is
22y + 222 + 2yz. On the other hand, the volume of the box must be 27 in®, which means xzyz = 27. If we replace z in
the expression for surface area by i—;, we obtain the function f(z,y) = 2zy + 5;74 + % and we must show that f(z,y)
obtains its minimum value when z = y = z. Since zyz = 27, we must see that x = y = z = 3 gives rise to a minimum
value of f(z,y). We now have f, = 2y — 2—3 and fy = 2z — Z—ﬁ. From f, = 0, we obtain y = i—; If we substitute
this into the equation g, = 0, we obtain (after simplifying) 27z — z* = 0. From this we get = 0 and = = 3. We
discard z = 0. Then z = 3. Substituting this into y = %, we see y = 3. From 27 = zyz, we get z = 3, as required.
Note that the context guarantees that this give rise to a minimum value, since we may obtain a larger surface area
by taking different values for ,y, 2. When z = y = z = 3, the surface area is 108 in?. Now take z = 2,y = %7 z=2T.
Then the surface area becomes 2 + 108 4+ 27 = 137 in®. Of course, one can verify that the unique critical point is a

minimum by using the second derivative test.

10. Show that the sum of the squares of the distances from a point P = (¢, d) to n fixed points (a1,b1),..., (aGn,bn)

is minimized when c is the average of the z-coordinates a; and d is the average of the y-coordinates b;.

Solution. We must minimize the function f(c,d) = (¢ — a1)* + (d — b1)?* 4+ - - - + (¢ — an)* + (d — b,)?. Taking the

derivative with respect to ¢, we must solve
af
5 =

Dividing by 2 and gather the ¢ terms, we have nc — (a1 + -+ +an) = 0, and thus ¢g = % (a1 +---+an), the average

20c—ai)+--+2(c—an)=0.

of the z-coordinates of the given points. An identical calculation shows that the solution to the equation % =0is
do = % - (b1 + -+ 4+ bn), the average of the y-coordinates of the given points. The critical point found must be a
minimum, since there is clearly no maximum value. To check this using the second derivative test, one can see that

D(co,do) = 4n? > 0 and fec(co,do) = 2n > 0, which confirms that (co,do) yields the required minimum.



